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In the scope of black hole spectroscopy, several attempts have been made in the past decades
in order to test black holes or gravitational theories via black hole quasinormal modes. In the
eikonal approximation, the quasinormal modes are generically associated with the photon ring of
the black hole. This correspondence is valid for most cases in general relativity, but may not be true
in other theories of gravity. In this paper, we consider the generalized energy-momentum squared
gravity in which matter fields are non-minimally coupled to geometry. We investigate the axial
perturbations of the charged black holes in this model, without assuming any explicit expression
of the action functional. After obtaining the modified Klein-Gordon equation and the modified
Maxwell equations, we perturb the gravitational equations and the modified Maxwell equations to
derive the coupled master equations of the axial perturbations. In the presence of the non-minimal
coupling between matter and geometry, the correspondence between the eikonal quasinormal modes
and the photon ring is not satisfied in general. Also, the two coupled fields of the axial perturbations
are found to propagate independently and they do not share the same quasinormal frequencies in
the eikonal limit.
I. INTRODUCTION
Several observational evidences have already indicated
that the expansion of our universe is actually acceler-
ating [1, 2]. The investigation on how this accelerating
phase could happen is still an active research direction
currently. Typically, one possible direction to explain
the accelerated expansion of the universe is by introduc-
ing some sort of exotic matter fields called dark energy,
with the simplest candidate being the cosmological con-
stant Λ. Theoretically, dark energy is required to violate
the strong energy condition, applying some sort of re-
pulsive forces, such that it can drive the acceleration of
the cosmic expansion. Another possible explanation for
the accelerated expansion is by assuming that Einstein’s
general relativity (GR) has to be modified in some way.
In this scenario, one can say that the left-hand side (ge-
ometry sector) of the Einstein equation is modified, while
the right-hand side (matter sector) remains intact. The
simplest modified gravitational theory following this di-
rection is the f(R) gravity, in which the Ricci scalar R
term in the Einstein-Hilbert action is replaced with an
arbitrary function of it [3, 4]. It should be emphasized
that the scrutiny of modified theories of gravity can also
be motivated in order to ameliorate the incompleteness
of GR at high curvature regimes [5], such as the exis-
tence of spacetime singularities and its incompatibility
with quantum mechanics.
In addition to changing either the left-hand side or the
right-hand side of the Einstein equation, one can consider
the possibility of modifying both the geometry and mat-
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ter sectors simultaneously. This motivates the theories in
which the matter fields are non-minimally coupled with
the geometry sector. In fact, these theories could also
explain the accelerated expansion of the universe in an
elegant manner. It should be noted that the f(R) grav-
ity is equivalent to a subclass of scalar-tensor theories
in which there is a scalar field non-minimally coupled to
gravity. In Ref. [6], a gravitational theory in which the
matter Lagrangian Lm is non-minimally coupled to cur-
vature was proposed. The Lagrangian of this model is
given by f1(R) + f2(R)Lm. In Ref. [7], the model of [6]
was further extended by replacing the matter Lagrangian
in the non-minimal coupling term with an arbitrary func-
tional dependence. Furthermore, this theory was refor-
mulated in the Palatini variational principle in Ref. [8].
The most general functional dependence of the curvature
R and the matter Lagrangian Lm, that is, the f(R,Lm)
gravity, was proposed in Ref. [9].
Besides considering the non-minimal coupling between
curvature and the matter Lagrangian, one can consider
the non-minimal coupling between curvature and the
energy-momentum tensor. Following this direction, in
Ref. [10], the f(R, T ) theory was proposed, where T is the
trace of the energy-momentum tensor, and it has drawn
a lot of attention recently. Also, the f(R, T ) gravity can
be further generalized by introducing a new scalar in-
variant which is defined by contracting the Ricci tensor
and the energy-momentum tensor. The resultant the-
ory is called the f(R, T,RµνT
µν) gravity [11, 12]. The
f(R, T ) gravity and the f(R,Lm, RµνTµν) have also been
reformulated within the Palatini variational principle in
Refs. [13, 14] and Ref. [15], respectively. It should be
stressed that all the theories mentioned above, because
of the non-minimal couplings, the particles follow non-
geodesic motion and the equivalence principles are then
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2violated.
In addition to the theories mentioned above, it is pos-
sible to consider a new scalar invariant, which contains
non-linear contributions of the energy-momentum tensor,
to encode the non-minimal matter-geometry coupling. In
Ref. [16], such an attempt was made for the first time.
The Lagrangian contains an arbitrary functional of the
Ricci scalar and the square of the energy-momentum ten-
sor, that is, f(R, TµνTµν) gravity. In this so-called gener-
alized energy-momentum squared gravity (gEMSG), the
cosmological solutions have been studied in Refs. [17–24].
It has been found that the non-linear matter contribu-
tions in the field equations would affect the cosmological
evolutions at high density regimes [17, 19] and at low
density regimes [18], depending on the specific form of
the functional f and the parameters under considera-
tion. Some astrophysical applications, such as neutron
stars, have also been studied in the context of EMSG
[25, 26], where f(R, TµνTµν) = R − ηTµνTµν with η a
constant.
In this paper, we are going to consider the black
hole physics in the gEMSG. Presumably due to the
fact that the non-linear matter coupling does not al-
ter the vacuum solutions, less attention has been paid
to the black hole solutions in this model. In Ref. [17],
the charged black hole solutions of the EMSG in which
f(R, TµνTµν) = R − ηTµνTµν have been derived and
they deviate from the Reissner-Nordstro¨m (RN) black
hole. In this paper, we will consider the gEMSG, with-
out assuming any particular functional form of f and
study the axial perturbations of generic charged black
holes in this type of theories. Generally speaking, when
perturbing a black hole, the black hole undergoes a damp-
ing oscillation which is characterized by a superposition
of many exponentially decaying sinusoidal modes, called
quasinormal modes (QNMs) [27, 28]. According to how
they react with respect to the parity change, these per-
turbations can be divided into the axial perturbations
and the polar perturbations. Because during the oscilla-
tions, the black hole loses its energy by emitting gravita-
tional waves, the whole system is a dissipative system and
that is the reason why the notion quasi- appears. Essen-
tially, the QNMs have complex-valued frequencies. The
real part describes the oscillation and the imaginary part
corresponds to the decay. In GR, the QNM frequencies
satisfy the black hole no-hair theorem. Recently, inspired
by the direct detection of gravitational waves from binary
mergers [29–31], many attempts have been made to test
black holes or gravitational theories by using the ringings
of black holes [32–51]. This thus conceptualizes the field
of black hole spectroscopy [52–58].
Theoretically, the QNMs and the perturbations are de-
scribed by a set of master equations. In order to derive
the master equations of the axial perturbations for the
charged black holes in the gEMSG, we have to perturb
the gravitational equations and the modified Maxwell
equations in this theory. After deriving the master equa-
tions, in this work we will focus on the modes in the
eikonal approximation. It is well-known that for most
static, spherically symmetric, and asymptotically flat
black holes in GR, their eikonal QNMs can be directly
determined by the properties of the photon ring of the
black holes [59]. Such a correspondence has also been de-
veloped and investigated for rotating black holes [60, 61]
and for situations with coupled master equations [62]. It
would be interesting to see whether the correspondence
between the eikonal QNMs and the black hole photon
rings is still valid for other gravitational theories [63].
In fact, this correspondence has been found violated in
the Einstein-Lovelock theory with a spacetime dimen-
sion D > 4 [64, 65]. Similar violation has also been
found for the charged black holes in GR coupled with
non-linear electrodynamics [66, 67], and for the charged
black holes in the Eddington-inspired-Born-Infeld gravity
[46]. In the latter case, the non-trivial matter-geometry
couplings inherent in the theory [68–70] may play a cru-
cial role in causing this violation. One can also draw
similar conclusions when considering the perturbations
of a scalar field non-minimally coupled to geometry [71].
In this paper, we will show explicitly that due to the
non-minimal matter-geometry coupling in the gEMSG,
the correspondence between the eikonal QNMs and the
photon ring of the charged black holes ceases to be sat-
isfied. It should be emphasized that we will not assume
any specific functional form of f(R, TµνTµν) throughout
this paper to ensure the validity of our conclusions to be
as general as possible.
This paper is outlined as follows. In Sec. II, we will
briefly review the equations of motion of the gEMSG.
We will also present the modified Klein-Gordon equa-
tion for a scalar field and the modified Maxwell equa-
tions for electromagnetic fields in this theory. In Sec. III,
we will derive the coupled master equations of the axial
perturbations for the charged black holes in the gEMSG.
In Sec. IV, we will show explicitly that the correspon-
dence between the eikonal QNMs and the photon ring of
the black hole is broken due to the non-minimal matter-
geometry coupling. We finally draw our conclusions in
Sec. V.
II. EQUATIONS OF MOTION
We start with the action of the gEMSG (we have as-
sumed the speed of light c = 1) [16]:
S = 1
2κ
∫ √−gf(R,T2)d4x+ Sm , (2.1)
where κ = 8piG and T2 ≡ TαβTαβ is the square of the
energy-momentum tensor. The function f(R,T2) is an
arbitrary function of the Ricci scalar R and T2. Further-
more, Sm stands for the matter action. The equations of
motion are derived by varying the action (2.1). The vari-
ation of T2 with respect to the metric gµν can be written
3as
δgT
2 = δg
(
gαρgβσTαβTρσ
)
= 2δgαρTα
σTρσ + 2T
αβδgTαβ
= 2 (Tµ
σTνσ + Ψµν) δg
µν
= Θµνδg
µν , (2.2)
where
Θµν ≡ 2 (TµσTνσ + Ψµν) , and Ψµν ≡ Tαβ δTαβ
δgµν
.
(2.3)
The subscript g in δg is to emphasize that the variation is
performed with respect to the metric gµν . If the variation
is done on objects which depend only on the metric, the
subscript g will be removed.
Using Eq. (2.2), the variation of the action (2.1) with
respect to gµν gives the field equation
fRRµν + (gµν−∇µ∇ν) fR − f
2
gµν + fT2Θµν = κTµν ,
(2.4)
where  = ∇µ∇µ and we have defined fR ≡ ∂f/∂R and
fT2 ≡ ∂f/∂T2. The energy-momentum tensor is defined
via the matter action as follows
Tµν ≡ − 2√−g
δSm
δgµν
. (2.5)
In the gEMSG, the standard conservation equation of
the energy-momentum tensor is not satisfied, i.e., the
covariant derivative of Tµν does not vanish. This can
be proven by taking a covariant derivative on Eq. (2.4).
Using together the Bianchi identity ∇µGµν = 0, one can
obtain [24]
κ∇µTµν = −1
2
fT2∇νT2 +∇µ (fT2Θµν) . (2.6)
Note that the identity (∇ν −∇ν)fR = Rµν∇µfR has
been used. According to Eq. (2.6), the standard conser-
vation equation of the energy-momentum tensor is not
fulfilled in this theory.
A. Modified Klein-Gordon equation
As we have shown, the conservation equation of the
energy-momentum tensor in the gEMSG acquires some
modifications due to the non-minimal coupling of T2 in
the gravitational action (see Eq. (2.6)). Therefore, if we
consider a scalar field or electromagnetic fields in curved
spacetimes in this theory, the standard Klein-Gordon
equation and the Maxwell equations will be modified.
In this subsection, we will show how the Klein-Gordon
equation is altered in the gEMSG. The modified Maxwell
equations, on the other hand, will be presented later in
the next subsection.
To investigate the modified Klein-Gordon equation, we
consider the matter action of a scalar field ψ:
Sm ≡ Sψ =
∫
d4x
√−gLψ , (2.7)
where
Lψ = −1
2
gµν∂µψ∂νψ − V (ψ) , (2.8)
in which V (ψ) is the scalar field potential. According to
Eq. (2.5), the energy-momentum tensor of the scalar field
can be written as
T (ψ)µν = ∂µψ∂νψ + gµνLψ . (2.9)
The modified Klein-Gordon equation is derived by
varying the action (2.1) with respect to the scalar field
ψ:
δψS =
∫ √−gd4x( 1
2κ
fT2δψT
2 + δψLψ
)
= 0 . (2.10)
The variation of T2 can be written as
δψT
2 = 2T (ψ)µνδψT
(ψ)
µν
= 2T (ψ)µν (2∂µψδ∂νψ + gµνδψLψ)
= 4T (ψ)µν∂µψδ∂νψ + 2T
(ψ)δψLψ . (2.11)
Note that we have
δψLψ = −gµν∂µψδ∂νψ − dV
dψ
δψ . (2.12)
After some algebra, one obtains the modified Klein-
Gordon equation from Eq. (2.10)
∂ν
[√−g( 1
κ
fT2T
(ψ) + 1
)
∂νψ
]
− 2
κ
∂ν
(√−gfT2T (ψ)µν∂µψ)
=
√−g
(
1
κ
fT2T
(ψ) + 1
)
dV
dψ
, (2.13)
where T (ψ) is the trace of the energy-momentum tensor
(2.9). The modified Klein-Gordon equation can also be
rewritten as
ψ − dV
dψ
=
1
κ
[
T (ψ)fT2
dV
dψ
+ 2∇µ
(
fT2T
(ψ)µν∇νψ
)
−∇µ
(
fT2T
(ψ)∇µψ
)]
. (2.14)
4It can be seen that if fT2 = 0, the right-hand side of
Eq. (2.14) vanishes and the standard Klein-Gordon equa-
tion ψ − dV/dψ = 0 is recovered. It should be men-
tioned that the modified Klein-Gordon equation (2.14)
can also be derived by inserting the energy-momentum
tensor (2.9) into the modified conservation equation
(2.6).
B. Modified Maxwell equations
In this paper, we are going to study the perturbations
of charged black holes in the gEMSG. In addition to per-
turbing the gravitational equation (2.4), we have to per-
turb the modified Maxwell equations in this theory as
well. Note that the modified Maxwell equations for the
EMSG in which f(R,T2) = R − ηT2 with a constant η
have been derived in order to study the charged black
hole solutions in the theory [17]. In this subsection, we
will derive the modified Maxwell equations in the gEMSG
with the action (2.1).
We consider the Lagrangian density of the electromag-
netic fields, which reads
Lem = − 1
16pi
F2 , F2 ≡ FµνFµν , (2.15)
where Fµν = ∂µAν − ∂νAµ is the field strength ten-
sor. The energy-momentum tensor of the electromag-
netic fields is given by
T (em)µν =
1
4pi
(
FµσFν
σ − 1
4
gµνF
2
)
. (2.16)
The equation of motion of the electromagnetic fields is
derived by varying the action (2.1) with respect to the
vector potential Aµ. We then have
∇µ
∂
(
8pif − κF2)
∂ (∇µAν) = 0 . (2.17)
To proceed, we use the identity
∂Fαβ
∂ (∇µAν) = δ
µ
αδ
ν
β − δµβδνα , (2.18)
to get
∂F2
∂ (∇µAν) = 4F
µν , (2.19)
∂T2
∂ (∇µAν) =
1
2pi2
(
Fγ
νFµρF γρ − 1
4
FµνF2
)
. (2.20)
As a result, Eq. (2.17) gives the modified Maxwell equa-
tion
∇µFµν = 1
κpi
∇µ
[
fT2
(
Fγ
νFµρF γρ − 1
4
FµνF2
)]
.
(2.21)
In addition, the field strength satisfies the Bianchi iden-
tity
∇[µFνλ] = 0 , (2.22)
which follows directly from the definition of the field
strength. As one can see from Eq. (2.21), the non-
minimal coupling of T2 in the gravitational action mod-
ifies the standard Maxwell equation. If fT2 is zero, the
standard Maxwell equation ∇µFµν = 0 is recovered.
It should also be mentioned that the modified Maxwell
equation (2.21) can be derived by inserting the energy-
momentum tensor (2.16) and the Bianchi identity (2.22)
into the modified conservation equation (2.6).
Before closing this section, we will write down the grav-
itational equation of the gEMSG in the presence of elec-
tromagnetic fields for the convenience of later use. To do
this, we first consider the tensor Ψµν defined in Eq. (2.3)
and express it with the field strength. Recalling the defi-
nition of F2 given in Eq. (2.15), the variation of F2 with
respect to the metric reads
δF2
δgµν
= 2Fµ
βFνβ , (2.23)
with which one can obtain
Ψµν = T
(em)αβ
δT
(em)
αβ
δgµν
=
1
4pi
T (em)αβ
(
FµβFνα +
1
4
gαµgβνF
2 − 1
2
gαβFµ
σFνσ
)
.
(2.24)
Since the trace of the energy-momentum tensor van-
ishes, i.e., T (em) = 0, the last term of the second line
in Eq. (2.24) does not contribute. As a result, the tensor
Ψµν can be written as
Ψµν =
1
16pi2
[
Fγ
βF γαFαµFβν − 1
16
gµν
(
F2
)2]
. (2.25)
On the other hand, the Tµ
σTνσ term appearing in
Eq. (2.3) can be expressed with the field strength as fol-
lows
T (em)µ
σ
T (em)νσ
=
1
16pi2
(
2Fγ
βF γαFαµFβν − 1
2
F ρµFρνF
2
)
−Ψµν .
(2.26)
Note that after taking a trace of the above equation, one
can obtain the square of the energy-momentum tensor
expressed with the field strength:
T2 = FαθFαρF
γθFγ
ρ − 1
4
(
F2
)2
. (2.27)
Finally, combining Eqs. (2.3), (2.16), (2.25), and (2.26),
5the gravitational equation (2.4) can be written as
fRRµν + (gµν−∇µ∇ν) fR − f
2
gµν
=
κ
4pi
(
FµσFν
σ − 1
4
gµνF
2
)
− fT2
8pi2
(
2Fγ
βF γαFαµFβν − 1
2
F ρµFρνF
2
)
.
(2.28)
III. AXIAL PERTURBATIONS
To study the QNMs of the black holes, we consider
the perturbations of a static and spherically symmetric
spacetime. In the gEMSG, the black hole solutions can
be derived only when an explicit expression of f(R,T2)
is given and the matter fields are specified. In this pa-
per, we will consider electromagnetic fields and focus on
the eikonal QNMs of charged black holes in the gEMSG,
without assuming any specific expression of f(R,T2). As
we have mentioned in the introduction, instead of calcu-
lating the QNM frequencies explicitly from some certain
black hole solutions, we will derive the master equations
of the QNMs and express them by using unspecified met-
ric functions. Since the gravitational fields and electro-
magnetic fields for charged black holes are coupled to-
gether, the master equations describing QNMs have to
be derived by perturbing the modified Maxwell equations
(Eqs. (2.21) and (2.22)) and the gravitational equation
(2.28). The two master equations turn out to couple with
each other. Then we will prove that the correspondence
between the eikonal QNMs and the photon ring of the
black hole would be violated in this theory. All these can
indeed be done even though the explicit expressions of
the metric functions remain unspecified and our conclu-
sions turn out to be very general because they are valid
for charged black holes in the gEMSG with an arbitrary
f(R,T2).
Without loss of generality, the perturbed spacetime
can be described by a non-stationary and axisymmetric
metric in which the symmetrical axis is turned in such
a way that no φ dependence appears in the metric func-
tions. In general, the metric can be written as follows
[28]:
ds2 =− e2ν (dx0)2 + e2µ1 (dx1 − σdx0 − q2dx2 − q3dx3)2
+ e2µ2
(
dx2
)2
+ e2µ3
(
dx3
)2
, (3.1)
where ν, µ1, µ2, µ3, σ, q2, and q3 are functions of time
t (t = x0), radial coordinate r (r = x2), and polar angle
θ (θ = x3). Because the system is axisymmetric, the
metric functions are independent of the azimuthal angle
φ (φ = x1). Note that in the background spacetime which
is static and spherically symmetric, we have σ = q2 =
q3 = 0.
A. Tetrad formalism
To study the perturbations of the spacetime metric
(3.1), we will use the tetrad formalism in which one de-
fines a basis associated with the metric (3.1) [28]:
eµ(0) =
(
e−ν , σe−ν , 0, 0
)
,
eµ(1) =
(
0, e−µ1 , 0, 0
)
,
eµ(2) =
(
0, q2e
−µ2 , e−µ2 , 0
)
,
eµ(3) =
(
0, q3e
−µ3 , 0, e−µ3
)
, (3.2)
and
e(0)µ = (e
ν , 0, 0, 0) ,
e(1)µ = (−σeµ1 , eµ1 , −q2eµ1 , −q3eµ1) ,
e(2)µ = (0, 0, e
µ2 , 0) ,
e(3)µ = (0, 0, 0, e
µ3) , (3.3)
where the tetrad indices are enclosed in parentheses to
distinguish them from the tensor indices. The tetrad
basis should satisfy
e(a)µ e
µ
(b) = δ
(a)
(b) , e
(a)
µ e
ν
(a) = δ
ν
µ ,
e(a)µ = gµνη
(a)(b)eν(b) ,
gµν = η(a)(b)e
(a)
µ e
(b)
ν ≡ e(a)µe(a)ν . (3.4)
Conceptually, in the tetrad formalism we project the rel-
evant quantities defined on the coordinate basis of gµν
onto a chosen basis of η(a)(b) by constructing the tetrad
basis correspondingly. In practice, η(a)(b) is usually as-
sumed to be the Minkowskian matrix
η(a)(b) = η
(a)(b) = diag (−1, 1, 1, 1) . (3.5)
In this regard, any vector or tensor field can be projected
onto the tetrad frame in which the field can be expressed
through its tetrad components:
Aµ = e
(a)
µ A(a) , A(a) = e
µ
(a)Aµ ,
Bµν = e
(a)
µ e
(b)
ν B(a)(b) , B(a)(b) = e
µ
(a)e
ν
(b)Bµν . (3.6)
One should notice that in the tetrad formalism, the
covariant (partial) derivative in the original coordinate
frame is replaced with the intrinsic (directional) deriva-
tive in the tetrad frame. For instance, the derivatives of
an arbitrary rank two object Hµν in the two frames are
related as follows [28]
H(a)(b)|(c) ≡ eλ(c)Hµν;λeµ(a)eν(b)
=H(a)(b),(c)
− η(m)(n) (γ(n)(a)(c)H(m)(b) + γ(n)(b)(c)H(a)(m)) ,
(3.7)
where a vertical rule and a comma denote the intrin-
sic and directional derivative with respect to the tetrad
6indices, respectively. A semicolon denotes a covariant
derivative with respect to the tensor indices. Further-
more, the Ricci rotation coefficients are defined by
γ(c)(a)(b) ≡ eµ(b)e(a)ν;µeν(c) , (3.8)
and their components corresponding to the metric (3.1)
are given in Ref. [28].
B. Perturbed Maxwell equations in gEMSG
Now, we will perturb the modified Maxwell equations
in the gEMSG. For the background level, we consider
the field strength with a purely radial electric field and
no magnetic field. Therefore, only the (t, r) and (r, t)
components, i.e. the (0, 2) and (2, 0) components of the
field strength Fµν appear at the background level.
We then linearize the equations by decomposing, for
instance, F(0)(2) as F(0)(2) → F(0)(2) + δF(0)(2) in which
F(0)(2) is the field strength at the background level.
1 The
linearized Maxwell equation (2.21) gives(
reνX(1)(2)
)
,r
+ eν+µ2X(1)(3),θ + re
µ2X(0)(1),t
= r2 sin θX(0)(2) (σ,r − q2,t) , (3.9)
where F2 = −2F 2(0)(2). On the above expression, we have
defined a tensor field Xµν whose tetrad components read
X(a)(b) = F(a)(b)
− fT2
κpi
(
F(c)(b)F(a)
(d)F (c)(d) − 1
4
F(a)(b)F
2
)
.
(3.10)
Using Eq. (3.10), the axial components of the perturbed
X(a)(b) can be expressed with those of the perturbed
F(a)(b) as
X(1)(2) = F(1)(2)σ+ , X(1)(3) = F(1)(3)σ− ,
X(0)(1) = F(0)(1)σ+ , (3.11)
where
σ± ≡ 1± fT2
2κpi
F 2(0)(2) , (3.12)
and σ± depends only on the radial coordinate r. The
X(0)(2) in Eq. (3.9) is a zero order quantity and it can be
solved to get
X(0)(2) = F(0)(2)σ+ =
Q∗
r2
, (3.13)
where Q∗ is an integration constant, standing for the
charge of the black hole.
On the other hand, the linearized Bianchi identity of
the electromagnetic fields F[(a)(b)|(c)] gives
(
reν sin θF(0)(1)
)
,r
+ reµ2 sin θF(1)(2),t = 0 , (3.14)
reν
(
F(0)(1) sin θ
)
,θ
+ r2 sin θF(1)(3),t = 0 . (3.15)
For the sake of abbreviation, we define the following field
perturbation
B ≡ F(0)(1) sin θ . (3.16)
After taking a derivative of Eq. (3.9) with respect to t
and using Eqs. (3.14) and (3.15), we get
[
eν−µ2σ+ (reνB),r
]
,r
+
e2ν+µ2σ−
r
(
B,θ
sin θ
)
,θ
sin θ
− reµ2σ+B,tt
= −r2σ+F(0)(2) (σ,rt − q2,tt) sin2 θ . (3.17)
The left-hand side of this equation contains the axial per-
turbations of the matter field B. The right-hand side, on
the other hand, contains the perturbations of the met-
ric. Therefore, Eq. (3.17) will become one of the coupled
master equations.
C. Perturbed gravitational equation
Now we consider the axial perturbations of the gravita-
tional equation (2.28). In the tetrad frame, this equation
can be written as
fRR(a)(b) + η(a)(b)
(
fR − f
2
)
− eµ(a)
(
fR,(b)
)
,µ
+ γ(c)(b)(a)fR,(d)η
(c)(d)
=
κ
4pi
(
F(a)(c)F(b)
(c) − 1
4
η(a)(b)F
2
)
− fT2
8pi2
(
2F(e)
(d)F (e)(c)F(c)(a)F(d)(b) − 1
2
F (c)(a)F(c)(b)F
2
)
. (3.18)
1 We only use a delta to express the linear order perturbations of
quantities whose values at the background level do not vanish.
The quantities that vanish at the background level, such as the
metric functions σ, q2, and q3, and the Maxwell tensor compo-
nents F(i)(j) (ij 6= 02 or 20), shall be regarded as linear order
perturbation quantities directly.
7The (1, 3) and (1, 2) components of the perturbed gravi-
tational equation give
fRR(1)(3) + γ(2)(3)(1)e
−µ2fR,r = 0 , (3.19)
fRR(1)(2) +
κ
4pi
σ+F(0)(2)F(0)(1) = 0 , (3.20)
which can be written explicitly as[
fRr
2eν−µ2 (q2,θ − q3,r)
]
,r
−fRr2e−ν+µ2 (σ,θ − q3,t),t = 0 ,
(3.21)[
fRr
2eν−µ2 (q3,r − q2,θ) sin3 θ
]
,θ
−fRr4e−ν−µ2 (σ,r − q2,t),t sin3 θ
=
κ
2pi
σ+F(0)(2)r
3eνB sin θ ,
(3.22)
respectively. Note that in a static and spherically sym-
metric background, fR depends only on the radial coor-
dinate r. Then, we define
Q ≡ fRr2eν−µ2 (q2,θ − q3,r) sin3 θ , (3.23)
with which Eqs. (3.21) and (3.22) can be rewritten as
eν−µ2
Q,r
fRr2 sin
3 θ
= (σ,θ − q3,t),t , (3.24)
eν+µ2
Q,θ
fRr4 sin
3 θ
= − (σ,r − q2,t),t − e2ν+µ2
κσ+F(0)(2)
2pifRr sin
2 θ
B , (3.25)
respectively. By differentiating Eqs. (3.24) and (3.25)
and eliminating σ, we get
1
sin3 θ
(
eν−µ2
fRr2
Q,r
)
,r
+
eν+µ2
fRr4
(
Q,θ
sin3 θ
)
,θ
=
e−ν+µ2
fRr2 sin
3 θ
Q,tt −
κe2ν+µ2σ+F(0)(2)
2pifRr
(
B
sin2 θ
)
,θ
.
(3.26)
As one can see, the left-hand side of this equation con-
tains the metric perturbations, while the right-hand side
of it contains the matter field perturbation B. There-
fore, Eq. (3.26) will become the second coupled master
equation.
Furthermore, the right-hand side of Eq. (3.17) can be
expressed in terms of Q as follows[
eν−µ2σ+ (reνB),r
]
,r
+
e2ν+µ2σ−
r
(
B,θ
sin θ
)
,θ
sin θ
−reµ2σ+B,tt − κr
2pifR
e2ν+µ2
(
σ+F(0)(2)
)2
B
=
eν+µ2σ+F(0)(2)
fRr2 sin θ
Q,θ , (3.27)
by using Eq. (3.25). Finally, Eqs. (3.26) and (3.27) form
two coupled master equations which describe the axial
perturbations Q and B.
D. Effective potentials
For the later convenience, we will recast the master
equations (3.26) and (3.27) into a Schro¨dinger-like form
with an effective potential in each equation. Essentially,
the effective potential plays an important role in deter-
mining the properties of QNMs, including their behaviors
in the eikonal limit.
We introduce the ansatz [28]
Q(r, θ) = Q(r)Y (θ) , B(r, θ) = B(r)Y,θ/ sin θ ,
(3.28)
where Y (θ) is the Gegenbauer function satisfying [72]
(
Y,θ
sin3 θ
)
,θ
= −µ2 Y
sin3 θ
, (3.29)
sin θ
[
1
sin θ
(
Y,θ
sin θ
)
,θ
]
,θ
= − (µ2 + 2) Y,θ
sin θ
, (3.30)
where µ is related to the multipole number l via µ2 =
(l − 1)(l + 2). With this ansatz, Eqs. (3.27) and (3.26)
can be rewritten as
[
eν−µ2σ+ (reνB),r
]
,r
+
[
ω2rσ+e
µ2 − (µ2 + 2) e2ν+µ2σ−
r
− 4Q
2
∗
fRr3
e2ν+µ2
]
B
=
eν+µ2Q∗
fRr4
Q , (3.31)(
eν−µ2
fRr2
Q,r
)
,r
+
(
e−ν+µ2ω2
fRr2
− e
ν+µ2µ2
fRr4
)
Q
=
4e2ν+µ2Q∗µ2
fRr3
B , (3.32)
respectively, where we have used Eq. (3.13) and the
Fourier decomposition ∂t → −iω. Note also that we have
adopted the geometric unit system: κ = 8pi.
To proceed, we introduce the following definitions
H
(−)
1 ≡ −2µσ1/2+ reνB , H(−)2 ≡
Q
Z
, (3.33)
where Z ≡ f1/2R r. We also introduce the tortoise radius
r∗ which is defined by
dr
dr∗
= eν−µ2 . (3.34)
The master equations (3.31) and (3.32) can be rewritten
8as
d2H
(−)
1
dr2∗
+ ω2H
(−)
1
=
 1
2σ
1/2
+
(
σ+,r∗
σ
1/2
+
)
,r∗
+
(
µ2 + 2
) e2ν
r2
Γ +
4Q2∗e
2ν
fRr4σ+
H(−)1
− 2µe
2νQ∗
r3
√
fRσ+
H
(−)
2 , (3.35)
d2H
(−)
2
dr2∗
+ ω2H
(−)
2
=
[
−Z
(
Z,r∗
Z2
)
,r∗
+
e2νµ2
r2
]
H
(−)
2 −
2µe2νQ∗
r3
√
fRσ+
H
(−)
1 ,
(3.36)
where Γ ≡ σ−/σ+.
It can be seen that the coupled master equations have
been recast into a Schro¨dinger-like form and they can be
written in a matrix expression as follows(
d2
dr2∗
+ ω2
)[
H
(−)
1
H
(−)
2
]
=
[
V11 V12
V21 V22
][
H
(−)
1
H
(−)
2
]
, (3.37)
where Vij is given by Eqs. (3.35) and (3.36).
According to the coupled master equations (3.35) and
(3.36), one can see that:
(i) If f(R,T2) = R such that fR = 1 and fT2 = 0, the
theory reduces to GR:
V12 = V21 = −2Q∗µ
r3
e2ν , (3.38)
V11 =
e2ν
r3
[
(µ2 + 2)r +
4Q2∗
r
]
, (3.39)
V22 =
e2ν
r3
[
(µ2 + 2)r − 3 + 4Q
2
∗
r
]
, (3.40)
where
e2ν = 1− 1
r
+
Q2∗
r2
. (3.41)
Therefore, the master equations reduce to those of
the RN black hole as expected [28].
(ii) If f(R,T2) = R and Q∗ = 0, we have V12 = V21 = 0
and
V11 =
e2ν
r2
l(l + 1) , (3.42)
V22 =
e2ν
r2
[
l(l + 1)− 3
r
]
. (3.43)
Therefore, the effective potential for pure electro-
magnetic perturbations and for pure axial gravita-
tional perturbations of the Schwarzschild black hole
(the Regge-Wheeler equation [27]) are recovered, re-
spectively.
IV. EIKONAL QNMS AND PHOTON RING
As has been mentioned, the QNMs of the axial per-
turbations for the charged black holes in the gEMSG are
described by the coupled master equations (3.35) and
(3.36). Clearly, the QNM spectrum depends on the value
of the multipole number l. In this section, we will focus
on the QNMs within the eikonal approximation and dis-
cuss the validity of their relation with the photon ring of
the black hole.
As a simple illustration, we consider a single wave
equation describing perturbations (say, Ψ field) around a
static and spherically symmetric black hole:(
d2
dr2∗
+ ω2
)
Ψ = V (r)Ψ , (4.1)
where r∗ is the tortoise radius defined in a standard way.
If we assume that the black hole is asymptotically flat,
the potential V (r) is required to vanish when r∗ → ±∞
and has only one single peak at a finite r∗. In the study
of QNMs, the above wave equation is solved by imposing
the boundary conditions that only outgoing waves exist
at spatial infinity (r∗ → ∞), while only incoming waves
exist on the event horizon (r∗ → −∞). In the eikonal op-
tics prescription, it has been shown explicitly in Ref. [62]
that the real part and the imaginary part of the funda-
mental QNM frequency (ω = ωR + iωI) can be obtained
by considering the leading order and the subleading order
of the eikonal approximation, respectively [62]:
ωR =
√
Vp , ωI = −1
2
√
−V ′′p
2Vp
, (4.2)
where the prime denotes the derivative with respect to r∗,
and the index p denotes the quantities evaluated at the
peak of the potential. It should be emphasized that this
result, Eq. (4.2), can also be derived by taking l→∞ in
the standard WKB formula [73–77]. In fact, according
to the WKB formula, the imaginary part of the eikonal
QNM frequency depends on the overtone number n and
the QNM frequencies for different overtones can be writ-
ten as follows
ωR =
√
Vp , ωI = −
(
n+
1
2
)√−V ′′p
2Vp
. (4.3)
The most important consequence regarding the eikonal
QNMs is their correspondence with the properties of the
photon ring of the black hole. In Ref. [59], it has been ex-
plicitly pointed out that for most cases of a static, spher-
ically symmetric, and asymptotically flat black hole, the
eikonal QNM frequencies are related to the photon ring of
the black hole. More precisely, the real part of the eikonal
QNM frequencies corresponds to the angular frequency
Ωc of photons on the photon ring, and the imaginary part
corresponds to the Lyapunov exponent λc quantifying the
instability of this circular orbit:
ω = Ωcl − i
(
n+
1
2
)
|λc| . (4.4)
9The reason behind this correspondence is that for this
class of black holes and master equations, the potential
V in the eikonal limit can be approximated as
V (r) ≈ e
2ν
r2
l2 . (4.5)
It turns out that the peak of this potential locates exactly
on the photon ring. After inserting this potential into
Eq. (4.3), one obtains Eq. (4.4).
Let us consider the master equations (3.35) and (3.36)
in the gEMSG. The two master equations couple together
in this case. However, as has been pointed in Ref. [62], as
long as the coupled master equations satisfy the “weak
l coupling” where the term V12V21 does not appear in
the leading order eikonal approximation, the system can
be treated as a decoupled system and the result given
in Eq. (4.3) is still valid. Apparently, the term V12V21
derived from the master equations (3.35) and (3.36) only
contains the multipole number l up to quadratic order.
Therefore, the weak l coupling condition is satisfied. Fur-
thermore, one can see that in the eikonal approxima-
tion, the potential V22 given in Eq. (3.36) reduces to
that in Eq. (4.5), hence the correspondence between the
eikonal QNMs of the field H
(−)
2 and the photon ring of
the charged black hole still holds. However, the poten-
tial V11 given in Eq. (3.35) does not reduce to that in
Eq. (4.5) because of the Γ factor. In this regard, as
long as Γ 6= 1, the two perturbations H(−)1 and H(−)2
propagate independently and they do not share the same
eikonal frequencies. The eikonal QNMs for the field H
(−)
1
can be described by Eq. (4.4) only when σ± = 1, that
is, either in the absence of charge Q∗, or when the non-
minimal coupling between matter and geometry is turned
off (fT2 = 0).
Before closing this section, we would like to mention
that the correspondence between the eikonal QNMs and
the photon ring of the black hole, i.e., Eq. (4.4), has
been found to be not satisfied in some particular models.
For example, for the higher dimensional black holes in
the Lovelock gravity, this correspondence is not fulfilled
in general [64, 65]. Similar violation can be found even
in GR when considering nonlinear electrodynamics [66,
67]. Recently, a similar violation has been pointed out
for the charged black holes in the Eddington-inspired-
Born-Infeld gravity [46] and it may be due to the non-
trivial matter-geometry coupling inherent in the theory.
The result in this paper tends to support this argument
in the sense that the non-minimal matter coupling in
the gEMSG also breaks the correspondence between the
eikonal QNMs and the photon ring of the black hole.
V. CONCLUSIONS
In this paper, we consider the charged black holes in
the gEMSG and study their axial perturbations. The
action of the theory is constructed by an arbitrary func-
tion of the Ricci scalar and the square of the energy-
momentum tensor, i.e., f(R,T2), and therefore the the-
ory contains non-minimal couplings between matter and
geometry. Due to the non-minimal matter-geometry cou-
pling in the theory, the energy-momentum tensor is not
conserved as that in GR. Without assuming any explicit
expression for the function f , we first derive the mod-
ified Klein-Gordon equation for a scalar field and the
modified Maxwell equations for electromagnetic fields in
this model. Then, we perturb the gravitational equation
and the modified Maxwell equations to obtain the cou-
pled master equations of the axial perturbations for the
charged black holes, that is, Eqs. (3.35) and (3.36).
After obtaining the master equations of the axial per-
turbations, we focus on the QNMs within the eikonal
approximation. It is well-known that for most black hole
solutions in GR, the QNM frequencies in the eikonal limit
can be determined by the angular frequency and the Lya-
punov exponent of the photon ring of the black hole.
This correspondence is due to the fact that the peak of
the effective potential in the master equations is exactly
on the photon ring. In the gEMSG, however, this cor-
respondence is not satisfied because of the non-minimal
matter-geometry coupling (the Γ factor in Eq. (3.35)).
In fact, the two coupled fields of the axial perturbations
propagate independently and they do not share the same
QNM frequencies.
In Ref. [46], it has been shown that the correspon-
dence between the eikonal QNMs and the photon ring of
the black holes is similarly broken for the charged black
holes in the Eddington-inspired-Born-Infeld gravity. In
fact, one can recast such a model into the Einstein frame
and a non-trivial matter-geometry coupling naturally ap-
pears [70]. In this paper, we have provided an example
in which the correspondence between the eikonal QNMs
and the photon ring ceases to be valid in the presence of
non-minimal matter-geometry couplings. This work can
be extended by considering a gravitational theory with
a more general non-minimal matter-geometry coupling,
whose action may be written as
S = 1
2κ
∫ √−gf(R,T2, T,RµνTµν ,Lm)d4x+ Sm ,
(5.1)
where T ≡ gµνTµν is the trace of the energy-momentum
tensor and Lm stands for the matter Lagrangian2. It will
be interesting to see how the correspondence between the
eikonal QNMs and the photon ring of the black holes
would be broken in the presence of such a general non-
minimal matter-geometry coupling. Another possible ex-
tension of this work is to investigate the polar perturba-
tions in this model. According to Refs. [42, 44, 49], in
2 Since T = 0 for Maxwell electromagnetic fields, it can be ex-
pected that there is no non-minimal matter-geometry coupling
contributed from the presence of T in the action when consid-
ering Maxwell electromagnetic fields in the matter sector. The
reason of adding T into Eq. (5.1) is just for the sake of generality.
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the metric variational principle, there is an additional
scalar degree of freedom for the f(R) gravity and this
degree of freedom appears as an inhomogeneous source
term in the master equation of the polar perturbations.
It can be expected that this scalar field degree of free-
dom will also appear in the gEMSG and in the theory
given by Eq. (5.1). One can then investigate how the
master equations and the polar QNMs are affected in
the presence of this additional degree of freedom. Fur-
thermore, it would be interesting to consider the theories
constructed upon the Palatini variational principle and
study the black hole perturbations in these theories. We
will leave these issues for future works.
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